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A mixture of a gas and small solid particles is considered which, far upstream, is
in a constant equilibrium state, and moves with a constant velocity. The existence
of shock waves is investigated in the four possible cases, namely for frozen flow,
for two kinds of partly frozen flow, and for equilibrium flow. It is shown that, in all
these cases, compressive shocks may exist, if the upstream velocity exceeds the
velocity of sound appropriate to the type of flow. Rarefaction shocks are im-
possible in each case. Moreover, it is shown that the downstream values of the
flow parameters are determined uniquely, and the direction of their change is
given. Only rather general assumptions concerning the behaviour of the gas are
needed. The paper takes into account the influence of the finite particle volume
fraction unlike most previous papers on the topic.

1. Introduction

The motion of a gas which contains an appreciable number of small solid
particles differs greatly from the motion of the pure gas. This is because a finite
time is needed for the velocity and temperature of the particles to adjust to those
of the gas. Because of this relaxation, in general, there exists a difference between
the velocity and the temperature of the particles and the gas.

In this paper the stationary one-dimensional flow of a mixture is treated. It is
presumed that the upstream values of the velocity and the temperature are the
same for both constituents.

The structure of shock waves in such a flow was considered by Carrier (1958).
According to Carrier the change of the flow conditions is accomplished in two
phases. ¥irst, there occurs a compressive change in the state of the gas, which is
consistent with the usual shock relations for the pure gas. Since this compression
takes place in a few mean free paths of the gas molecules, the relaxation processes,
which require much larger distances, cause very little change in the state of the
particles. Therefore the relaxation processes may be considered as frozen. This
frozen shock is followed by the relaxation zone, where the equilibrium is re-
established. The extent of this second region depends on the characteristic lengths
of the relaxation processes, i.e. on the relaxation lengths. On a scale which is
much larger than both relaxation lengths, the frozen shock together with the
relaxation zone appears as a so-called equilibrium shock. The change in the state
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of the mixture, undergoing an equilibrium shock, is given by certain shock
relations, too. In order to exhibit the transition from frozen to equilibrium con-
ditions, Carrier calculated and discussed the velocity of the gas as a function of
that of the particles, for some characteristic values of the parameters across the
whole relaxation zone.

Rudinger (1964) found that some flow variables do not always vary mono-
tonicallyintherelaxation zone. Healso drew attention to the fact that equilibrium
shocks may occur at upstream velocities which permit no frozen shock. In such
a case the change of the flow conditions is fully dispersed, and only if the scale
is chosen suitably does it appear as an equilibrium shock.

Both authors made the assumption that the pure gas follows the perfect gas
law. Moreover, they used an approximation, which is mainly to neglect two
effects. The first of these is the reduction of the volume of the gas caused by the
occupation of a finite volume by the particles. The second effect is the acceleration
of the particles produced by the pressure gradient acting on them. Both effects
vanish if the particle volume fraction tends to zero.

Rudinger (1965) demonstrated that the approximation discussed above gives
rise to an error in the results concerning the frozen shock, as well as in those
concerning the equilibrium shock. In the second case, even a small particle
volume fraction may cause a considerable error.

At this stage of knowledge it seems necessary to study the effects in a more
general way. Therefore in this paper an investigation is made into the possible
discontinuous changes of the flow conditions in the mixture, and under what
conditions they occur. The number of assumptions is kept at a minimum.
Thus only some rather general assumptions concerning the behaviour of
the pure gas are used, which are fulfilled by most of the common gases.
Moreover, the influence of the finiteness of the particle volume fraction is not
neglected.

First, the existence and uniqueness of frozen compressive shock waves
are proved. In the following section the corresponding proof is sketched for
a partly frozen compressive shock wave, which is characterized by the fact
that the temperature of the particles reaches its equilibrium value while
the other relaxation process is frozen. In the last section the existence and
uniqueness of compressive shock waves, with velocity equilibrium, is investi-
gated. Thus all cases are studied which may occur if, by choosing a suitable
scale, the extent of the relaxation zone can be ignored. Moreover, the results are
needed as a basis for a general discussion of the qualitative behaviour of
the flow variables across the relaxation zone. This will be the subject of another

paper.

2. Assumptions and basic equations

Some of the assumptions concerning the properties of the particles which
have been used by previous investigators are kept in this paper. These are:

(i) The dimensions of the particles are much larger than the mean free path
of the gas molecules.
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(il All particles consist of the same incompressible material. Their shape is
approximately spherical and they have equal size.t

(iii) The particle diameter does not vary, i.e. any mass transfer between the
particles and the gas is excluded.

(iv) The temperature gradient in the interior of a particle may be neglected.

(v) Direct interactions between the particles may be neglected.

Since the calculation of the local change of the flow conditions in the neigh-
bourhood of a single particle is an exceedingly complex task, the ensemble of
the particles is treated as a second continuum. Then, at each point of the flow
field, the velocity of this ‘particle continuum’ is a mean value of the velocities of
all particles being contained in a volume element with dimensions of the order of
magnitude of a few inter-particle distances. In the same way, a temperature
of the particles may be defined at each point of the flow field. Velocity and state
variables of the gas are introduced in an analogous way. Characterization of
the state of the mixture is completed by giving the value of the particle volume
fraction.

In addition to the assumptions concerning the properties of the particles, it is
assumed that the influence of viscosity and heat conduction of the gas is of
importance only in the gas—particle interaction processes.

In this paper the one-dimensional stationary flow is considered, its direction
being identified with the direction of the positive z-axis. Far upstream (x - —o0)
the mixture is assumed to be in a constant state of equilibrium (index 0). Then
the equations of conservation of the mass of the gas, the mass of the particles,
the momentum and the energy of the mixture, may be written in the following
form (cf. Kraiko & Sternin 1965; Rudinger 1965):

l1—¢ 1—¢,
— = Ug, (2.1)
Vo Yao
€V = €5Uy, (2.2)
1—¢ l1—¢
——u+ppei+p = ( °+PP60) u§+ Do, (2.3)
Vg Vao
l—e¢ u? p v?
—ulb,+— /LT i
Vg u( ot 2)+pPev(cP P+PP+ 2)

1-¢ ) ( uz) ( p  u?
=\——u) |bg+- ) +ppleu)o\cpTp+—+5}. (24
(VGOGzopP)OPPppzo (2.4)
Herein, ¢ is the particle volume fraction, v, the specific volume of the gas, pp
the density of the particle material. # and v are the velocities of gas and particles,
respectively. The total pressure is denoted by p. Since, on the present assump-
tions, the random motion of the particles contributes to the pressure only very

1 Dropping the assumption of equal size of the particles leads to different relaxation
lengths for the different types of particles. The present considerations are valid also for this
case if all expressions like ‘a length smaller than the relaxation length’ are replaced by
‘a length smaller than the smallest relaxation length’.
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little, the difference between the total pressure of the mixture and that of the
gas is negligible (cf. Rudinger 1965). The enthalpy per unit mass of the gas is
denoted by &, the particle temperature by 7' and the specific heat of the particle
material by ¢p, which is assumed to be a constant.

The equations of conservation of momentum and energy of the particles across
a shock front, where the relaxation processes can be considered as frozen, reduce
to (cf. Kraiko & Sternin 1965; Rudinger 1965):

P _W, P
2 pp 2 pp
Tp = Tpos (2.6)

(2.5)

where T}, is the gas temperature.

On the other hand, if the flow is considered in a scale much larger than the
relaxation lengths, a discontinuity leads to an equilibrium state, and (2.5) and
(2.6) have to be replaced by

v=u, (2.7)

Tr =T, (2.8)

The behaviour of the gas may be described by an equation of state of the form
ho = ha(p, sq), (2.9)

where s,; is the entropy per unit mass of the gas. With the aid of Gibbs’s relation,
Tpdsg = dhg—vadp, (2.10)

the quantities k; and T; may be expressed as functions of p and v;. Thereby
the system of equations is closed.
In the following, the volume expansivity of the gas is assumed to be positive:

1 (ovg,
= ) 2.
VG(ﬁTG)p>0 (2.11)

In general, this inequality is satisfied by the common gases. With use of (2.11)
and of the conditions of thermal and mechanical stability of the gas some further
inequalities may be deduced:

(%) > 0, (2.12)
G/ p

(a:;(’) > 0, (2.13)
47

&) —yy>0. 2.14

(ap v G ( )

3. Frozen shock waves

The flow conditions behind a frozen shock wave (index #') are characterized by
the equations (2.1)~(2.6). In this case, (2.4) may be simplified with (2.5) and (2.6):
2 2

hGF""%E = hao"‘y—o-

5 (3.1)
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If the gas does not contain any particles, the equations (2.2), (2.5) and (2.6) are
identities. Three equations are left which, with ¢, = € = 0, reduce to the ordinary
shock relations relating the quantities ug, vep, pp to ug, Vge, Po- (See Becker
(1968), for example.) Elimination of u, and u; leads to the equation of the
Hugoniot curve, i.e. the locus of all states (v, Px), Wwhich can be reached from
a fixed state (v, Po)- By comparison of the Hugoniot curve with the isentropes,
the following facts may be proved (cf. Serrin 1959):

(i) Only final states with vgp < vg, (compression) are characterized by
Sgp = Sgo; 1.e. only these states may be reached by a physical system.

(ii) Final states with vy, < v, exist only if the upstream velocity u, exceeds
the upstream velocity a, of sound in the gas, i.e. if 4y > a,.

(iii) The final state (vgp, Pr) and the final velocity g are uniquely determined
by fixing the upstream state (v, po) and velocity wu,.

In this paper, corresponding statements concerning the flow of the mixture
will be proved, using geometrical considerations, as Cowan did for the flow of
a pure gas. (See Cowan 1958.)

3.1. Definition of an Hugoniot curve

In the present case the six equations (2.1)-(2.3), (2.5), (2.6) and (3.1) contain the
ten quantities uy, Vgg, 2o, €0 A0d U g, Vg Prs €y Ve, Tpp- Elimination of wgy, up, v5
and T’y gives two equations relating vgz, Dg, €5 10 Vao, Do, €o- A discussion corre-
sponding to that of a pure gas would be given by comparison of the projection
of this curve into the (v4y, px)-plane with the projections of the isentropes. Since
it is not possible to find an explicit relation between v,z and pg, such a discussion
seems to be very complicated. This difficulty is overcome by eliminating the
quantity vy instead of €z. Thus, an ‘ Hugoniot curve’ is obtained in the (€5, py)-
plane (in the following the index F' is omitted):

v v
ho—hon = 4o =20 (7254 %) Lie. o), (3.2)
_ l-¢ Po €5 — €2
where Vg = VG{,T:}—O{I + 5 Ty Lie, €)1, (3.3)
2ee,
Liese) = 1= L. (3.4)

p = ppVg is the ratio of the densities of the particle material and the gas.

If one is concerned with a special gas, the function hy(vy, p) is known. Inserting
this function and the equations (3.3)—(3.4) into (3.2) gives the equations of the
Hugoniot curve. By definition of an Hugoniot function H as

H = 2= hao) ~ 0= 20) (£, + 172%-) L ) (3.5)

this equation is reduced to H=0. (3.6)
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3.2. Isentropes

Since the temperature of the particles remains constant across a frozen shock,
the entropy of the particles, too, does not change. Hence, in this case, the only
change of entropy is that of the entropy of the gas, and consequently there
is no difference between the isentropes of the mixture and those of the gas. Thus
the behaviour of the Hugoniot curve given in the (¢, p)-plane has to be compared
with that of these isentropes. For this reason some knowledge about the shape of
these isentropes in the (e, p)-plane is required. That is, the application of the
transformation vy = vg(€) according to (3.3) to the isentropes given in the form

P = pVs; S¢)s (3.7)

with s; as a parameter, has to be studied.
First, the differentiation of (3.7) leads to

().~ &), 5

vg
The first factor at the right side has negative sign, as may be concluded from its
relation to the velocity of sound (denoted by «) in the pure gas:

4 8 2
(—p) =2 <o (3.9)
g/ sy Vi
Furthermore, it may be shown (see appendix A) that the second factor has
negative sign too, i.e. dv
lei
=<0 N |
7 <0 (3.10)
if the following inequalities hold: p, = 4, (3.11)
0<eg <4 (3.12)

The first of these relations is always valid, since the density of a solid material is
much greater than that of a gas. With regard to the assumptions explained in the
second section, the condition (3.12) is also no severe restriction, since the neglect
of direct interactions of the particles requires that the distances between the
particles be not too small.

With the help of (3.9) and (3.10) it is concluded from (3.8) that

() ~o 513
e s
Further differentiation of (3.8) in view of (3.9) leads to
02 a® (dv
(ﬁ) ( G) (Z,~f(©)}, (3.14)
vi (0%p
Where Zl = &E (5}%)8 R (3.15)
va(d?vo/de®)

f(e) =—(d—V(Td€)T. (3.16)
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With the assumption that (3.11) holds and that (3.12) may be extended to all
values reached by ¢, i.e.

0<e<i (3.17)
it may be shown (see appendix B) that
fle) < 3. (3.18)
Now the gas is assumed to satisfy the condition
Zy = 3.7 (3.19)
Using (3.18) and (8.19) it is concluded from (3.14) that
o0%p
(a_e?)w > 0. (3.20)
Further, in view of (2.12) and (2.14), (2.10) yields
d8g ohg
-4 3.21
().~ z (%), > aan)
38G 1 6}1,0) dVG
Z6) - — ) 3.22
(ae) TG(6VG de <90 ( )

/ $6=95g, ~1< Sco
—1 /

Fiaure 1. Qualitative behaviour of the isentropes (the domains
< —1and ¢* > (1/3¢,) — 1 are excluded by (3.17)).

*

» ¢

p
\ _
/ \SG—SG1>560
\ $6= Sgo
\\

-1 (1f3¢0)—1

The qualitative shape of the isentropes following from (3.13), (3.20) and (3.21)
is shown in figure 1. Using the transformation

e* =-€«—1,
€o
. (3.23)
* L ,
P Po

the quantities ¢* and p* are introduced as co-ordinates in this figure, as well
as in the following,

+ Note that, if the gas follows the perfect gas law, the quantity Z, is given by
Z, = 1+7, where v is the ratio of the specific heats of the gas. Hence (3.19} is satisfied
well by perfect gases.
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3.3. Behawiour of the Hugoniot function on cerfain curves in the (¢*, p*)-plane
On using (2.10), (3.3), (3.4) and (3.23) the differential of the Hugoniot function
3.5) i
(8.5) Is dH = 2T dsg +pop* M dN, (3.24)
where the quantity M has the form

Vaol€o—€)

L p
= 2¢3 0
l—cp)lereg |- T

51—6O

(dege® + (1 —26) (e +€)?)! .

In the following only the sign of M is needed; for ¢ < } this is given by
sgn M = —sgne*. (3.25)
The differential dN introduced in (3.24) is

dp* 2 1 1
dN = E;‘-F(m—m—e‘ﬂ;) de*. (326)
p* N=
A s
N=N_,

/‘ {=2, N=N;>N,

//_ {=1, N=N,>N,

g:%, N=N1

€=_%, N=N—1

\ €=_—1’ N=N_2>N_1

\ -1
N=N,
N=N,

N=N,

Figure 2. Shape of the curves N = const. for some values of {.

Hence the quantity N is a constant on the curves

e*(e* +2)

p* = §F+—I)Q , (3.27)
=315 e @29

The shape of these curves is shown in figure 2. The direction of increasing values

of N is inferred from ﬂ ) 1
op*) o P*
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The following statements concerning the properties of the Hugoniot function
may be derived from the foregoing considerations:

(i) Behaviour of H(e*, p*) in the initial point. In the point €* = p* = 0 the
Hugoniot function is equal to zero:

H(0,0) = 0. (3.29)
(ii) Behaviour of H(e*, p*) along isochors and isobars. It may be deduced from
(3.24) that
6H) (630) (3N)
— ) =2T, =2 +ppp*M|—) , (3.30)
(86* o loe*) . 0 oe*)
oH\ 0s¢ i
(5. =276 55 (55).. &30
On the other hand, it is inferred from (3.25) and (3.26) that
oN -2M
a (%)p = G i) et >

oN
7 (55).. =

Using these results, the relation (3.25), and the inequalities (3.21) and (3.22),
the following conclusions concerning the behaviour of H(e*, p*) along isochors
and isobars may be drawn from (3.30)—(3.31):

(gg) <0, for p*<xo, (3.32)
p.
(g—p%) >0, for e*<0. (3.33)

(iii) Behaviour of H(e*, p*) along the curves N = const. On the curves
N = const. the relation (3.24) reduces to

dH = 2TG dsG.

That is, the sign of the differential of H agrees with that of sg.

By considering the isentropes (figure 1) and the curves N = const. (figure 2)
it may be seen that, in the first and third quadrant, there exist points in which
a curve of one kind touches one of the other kind. In figure 3 such a point B is
marked. Along the part OB of the curve N = N, the entropy s, increases with
increasing e*, while in B the entropy sy begins to decrease. In the second and
fourth quadrant, along a curve N = N_,, the entropy increases with increasing p*.

Denoting the locus of touching points B by Cg it may be said: if one travels
away from the origin, along a curve N = const., on the second-quadrant side of
Cj one finds increasing values of s, and hence of H, while on the fourth-quadrant
side of Cg one finds decreasing values of these functions.

(iv) Behaviour of H(e*, p*) along isentropes. On isentropes the relation (3.24)

reduces to dH = p,p*M dN.
a Fluid Mech. 38
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Hence, taking account of (3.25), it may be concluded that:

+sgndd, inthe 2nd and 4th quadrant,
sgndH = { ] (3.34)
—sgndN, in the 1st and 3rd quadrant.
S61 SGo
Cg Sg, -
x / / Pl
N=N,
> ¥
N=N_,

F1cure 3. Behaviour of the entropy s; and of the function H along two curves
N = const. (sg and H increase in direction of the arrows).

F1GgUrE 4. Behaviour of the Hugoniot function H along isentropes
(H increases in direction of the arrows).

Regarding figure 4, the following statements can be made. In the first and third
quadrant, along the isentropes with s; < sg, the quantity N increases with
increasing ¢*. Furthermore, in the first quadrant, along the isentropes with
Sg > Sgq, the value of N decreases with increasing e* up to the intersection point B
of the isentrope and Cj, whereas from the point B the quantity N increases
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with increasing ¢*. When (3.34) is taken into account, these results lead to the
behaviour of H, as indicated by the arrows in figure 4. Only the following state-
ments are needed below: in the first quadrant, on travelling along an isentrope
away from the origin, one finds increasing values of H on the second-quadrant
side of Cf, and decreasing values of H on the fourth-quadrant side of Cp; in the
third quadrant, along s; = s8¢, the function H decreases with increasing e*.

3.4. The shape of the Hugoniot curve

The results of the last section enable one to make some remarks about the locus at
which the Hugoniot function is equal to zero, i.e. the locus of the Hugoniot curve.

To start with the first quadrant, consider the boundary of the shaded area in
figure 5 (). Thisboundary consists of parts of twoisentropes, of acurve N = const.,

p*
J 56, -1 H

c* c*

O
=
1

@
Ql

®

Fi1gUrE 5. {a) Behaviour of H along the boundary OPQRO in the
{e*, p*)-plane. (b) The curve OP’Q'R’0O in the (¢*, H)-plane.

and of the e*-axis. The behaviour of the Hugoniot function H(e*, p*) along this
curve follows from the considerations givenin the last section, and in the figureit is
indicated by arrows. The boundary OPQRO may be interpreted as the projection
intothe (¢*, p*)-planeofa curve on thesurface H = H(e*, p*), giveninan (e*, p*, H)-
space. Hence the projection of the same curve into the (¢*, H)-plane has the shape
OP'Q’'R’0O shown in figure 5(b). Contrary to the figure, the value of H at R’ may
exceed that at P’. But in both cases H does not vanish along OP'Q'R'O, and
hence along OPQRO, except at the point O.

A similar consideration leads to the correspondence between the boundary
OBPO of the shaded area in figure 6 (a) and the curve OB’P’O in figure 6 (b).

Hence in the first quadrant, on each curve N = const. cutting the isentrope
8g = 8gqg, there exists one and only one point, other than the origin O, where
H = 0. This point is situated between the intersection point B with Cy and the

41-2
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intersection point P with the isentrope sz = sgo. On the curves N = const.,

which do not cut this isentrope, H < 0 in all the first quadrant except at O.
To continue the study with the third quadrant, consider the boundaries of

the shaded areas in figure 7 (a). They consist of parts of isochors, of isobars and of

* CB
f : Se1 Sao Ne= N2 a
i
i P
I
!
!
B
B’
04 - 9] “7 ¥
(a) P
®)

Fraure 6. (a) Behaviour of H along the boundary OBPO in the (¢*, p*)-plane.
() The curve OB’P’O in the (¢*, H)-plane.

H
0
p*
SGo P
—1 g 0o 0
ek ok
R
A
R
P
]
-1

(@)
Fieure 7. (a) Behaviour of H along OPRO and along OPQO in the (¢*, p*)-plane.
(b) The curves OP'R’O and OP’Q’0O in the (¢*, H)-plane.

the isentrope sz = 8go- As figure 7(b) shows, on each isobar p* = const., there
exists exactly one point where I = 0. This point is situated between the inter-
section point P with the isentrope sy = sy, and the intersection point R with
the p*-axis.

In the second and fourth quadrant, the function H(e*, p*) varies monotonically
along the curves N = const. Hence H does not vanish except at the origin.
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Thus it is shown that the Hugoniot curve H = 0 has the qualitative shape given
in figure 8.

Froure 8. Qualitative shape of the Hugoniot curve H = 0.

Along the Hugoniot curve in the vicinity of the origin, the deviation of s; from
the value sg, is of third order in e*:

a2

s6—Sa0 ® ygpr (0 + B (2~ Gr)oe™, (3.35)
where E = ¢/(1 —¢) is the ratio of the volume fractions of the particles and the
gas, and SE(p—1)

1= —_-I—_E—)?
v (3.36)
_q_Plp—E)+E(p+E)
(p+E)?

Since the density ratio p exceeds the value 1, while the ratio of the volume fraction
is smaller than 1if e < 1, it may be concluded from the second form given for G,:

G, < 1. (3.37)

Hence, according to (3.35), in the vicinity of the origin the qualitative shape of
the Hugoniot curve is that shown in figure 8, even if the condition (3.19) does
not hold but only the weaker condition

Zyp 2 Gyo- (3.38)

But it must be pointed out that this difference has no physical meaning.
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3.5. Existence and uniqueness of compressive shock waves

From figure 8 it can be deduced that on the Hugoniot curve
8GZ8qy for €*20. (3.39)

Since only final states with s; > s5, may be reached physically, it follows from
(3.39) that a discontinuous change of state leads to a positive value of ¢*; i.e. only
compression shocks but no rarefaction shocks are possible (see (3.23) and (A 3)).

For a given upstream state of a mixture, say (¢,, Py, V), the Hugoniot curve
giving all possible downstream values (¢*, p*) is uniquely determined. Using
the equations (2.1)—(2.3), (2.5) and the definitions (3.23), one finds the following
relation between p* and e*:

ppuy €*(e* +2)
~ o TR (3.40)
Comparison of (3.40) with the equation (3.27) of the curves N = const. shows
that by choosing a certain upstream velocity u, exactly one of these curves is
selected. The downstream values €* and p* are represented by the co-ordinates
of the intersection point of this special curve and of the Hugoniot curve. Since
oneach curve N = const., at most one point is situated where H = 0 and s; > 54,
in this way the quantities ¢* and p* are determined uniquely.

From figure 8it may be concluded that exactly one point of this kind exists, ifin
the origin O the slope of the selected curve N = const. exceeds that of theisentrope

S = Sqo» 1e. if * Ip*
o 166) s ™ (B @1
e N=const/ 0 oe 3G=8G, /0

From this, the following condition for the upstream velocity %, is deduced,
using (3.27), (3.28), (3.40), (3.8), (3.9), (3.23) and (3.3):

B
uZ > (1 +—°)a2.
0 p() 0

p*

The right-hand side of this inequality is the square of the velocity of sound in
the mixture, in which the relaxation processes are frozen (see Kraiko & Sternin
1965). Denoting this frozen velocity of sound by &, one may write
ug > bl. (3.42)
This condition corresponds exactly to that which is known for the existence of
a compressive shock wave in a pure gas. But attention should be paid to the fact
that, since the frozen velocity of sound in the mixture exceeds the velocity of
sound in the gas, the presence of the particles requires a larger upstream velocity
u, for a frozen shock to exist. This effect is caused by the acceleration of the
particles by the action of the pressure gradient, and it vanishes if the influence
of the finite particle volume fraction is neglected.{
The final values of ¢* and p* are positive, and hence (on reintroducing the

index F) €5 > €o» (343)
Pr > Do (3.44)

1 This result is not contained in Rudinger’s (1965) paper because he argued that, in the
case of frozen shocks, the influence of finite € on the flow conditions in the gasis much smaller
than in the case of equilibrium shocks. Hence he neglected this influence in the first case.
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Taking into account the properties of vg(e) leads to the conclusion that vyy is
uniquely determined too and that, as mentioned above,

Var < Vgo (3.45)
On the assumption that (3.12) and (3.17) hold, the function L defined by (3.4)
is positive, as the following transformation shows:

L(e, €y) = ﬁ {eo(1—€)+e(1—¢)}.

Hence it may be deduced from (2.1)-(2.3), (2.5) and (3.44) that u, is uniquely
determined too and that

Uy < U (3.46)
Further, it follows from (2.2) and (3.43) that
Vg < U (3.47)

The examination of the final state of the mixture is completed by a relation
between v, and uy, which is derived from (2.1)-(2.2):

F= ggz;?) Ug, (3.48)
where dle) = li_eva(e).

In view of (3.3) differentiation of this function leads to:

, -1
P'(e) = m{(%(% —€) — (1 —€,)) €2+ §py€f).

Since in the curly brackets the factor of €2is positive on the assumptions (3.11) and
(3.12) (cf. appendix A), ¢(€) decreases monotonically with increasing ¢. Thus

(3.43) and (3.48) give Vg > Up. (3.49)

4. Partly frozen shock waves with temperature equilibrium

In this section the length which is characteristic for the equilibration of the
temperatures is assumed to be much smaller than the length which is character-
istic for the equilibration of the velocities by the action of viscous drag. In
this case, in a suitably chosen scale, only the velocities of both media differ,
while the temperatures are always the same. Hence also a discontinuity is
partly frozen. The flow conditions at the downstream side of such a partly frozen
shock (index IT) are characterized by (2.1)—(2.5) and (2.8). In this case (2.4) may
be simplified with (2.1), (2.2) and (2.8):

u? u?
(k0+7700PTG+—) = (ka+7700PTG+‘“) . (4.1)
2/ 270
The ratio of the mass of the particles to that of the gas is denoted by #:

€
n="Ep=1—_pPrls
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Attention should be paid to the fact that only (2.8) and (4.1) differ from the corre-
sponding equations for frozen shocks. The difference in these two equations,
which have the meaning of energy balances, is a consequence of the over-all
equilibrium of the temperatures. Because of the similarity of the relations charac-
terizing completely and partly frozen shocks, the proof given in the third section
needs only minor modifications in order to fit to the present case. This will be
sketched in the following.
An Hugoniot function may be defined by

H = 2~ hooh+ 2eplTo—Too) ~ (020 | 295+ 2% Lesep). (42)
(From now on the index II is dropped.) Contrary to a frozen shock, which
causes only a change of the entropy s of the gas, a partly frozen shock also gives
rise to a change of the entropy sp of the particles, which is given by

If the upstream and downstream sides of the shock are denoted by + and —
respectively, the whole rate of entropy production across the shock is:

1—¢ + 1—e¢ - 1-e¢
uV—SG—f-vepPSP — uTSG—f-vepPsP = Uy, +epP (8+—8‘),
0

e} G Vg
(4.4)
where the quantity s is defined by :
_ 1 Mo
ds = 1+%dsg+1+%dsp. (4.5)

Note that the quantity s does not have the meaning of an entropy of the mixture.
Such an entropy cannot be defined, since both components move with different
velocities.

Only those partly frozen shocks may exist physically for which the whole
rate of entropy production given by (4.4) is positive or zero. From this one
may conclude that the quantity s must increase or remain constant. Hence, in
this case, the curves s = const. play the same part as the isentropes s; = const.
did in the case of frozen shocks. For this reason, the shape of the curves s = const.
must be studied in the (e*, p*)-plane.

Using (2.10), (4.3), (2.8) and (A 3) one deduces from (4.5)

op\ dvg a? 14946 dvg
(36) <8VG) de T T 11 yn,0 de > 0. (4.6)
The quantity ¢ is given by & = cp/c,, where c, is the specific heat of the gas at
constant pressure. Further differentiation leads to

(&), =3 () fea sl w2

v (o
2z = a? (81}2) (4.8)
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Therelation (4.7) corresponds exactly to (3.14). Hence, on the assumptions (3.11),
(3.12), (3.17) and

1 +77706 3
P > 3
141740 Zy > 1 (4.9)
corresponding to (3.19), it may be shown that
o%*p
(3_62)3 > 0. (4.10)

Further, on taking account of (2.11)—(2.14) it may be shown from (4.5), (4.3)
and (2.8) that

) - ), e ()
=) =aaaoar\\ e, ) “retmle|57) (>0 4.11
(ap € (1+770)TG 6p Vg aT Mo 3_p v ( )
as _ 1 % (%) }dVG

(3_6),,_ (1 +n0)TG{(avG)p+”0"P tvg),) de < 0. (4.12)

Because of the validity of (4.6) and (4.10)-(4.12) the qualitative shape of the
curves s = const. is the same as that of the curves s, = const. discussed in the
third section.

By introduction of the quantity s, the differential of the Hugoniot function
defined in (4.2) may be written as:

dH = 2(1+7,) Tyds +pop*M dN. (4.13)

From this point the considerations may be completed in an analogous way to
that for frozen shocks. It follows that a partly frozen compressive shock with
temperature equilibrium exists and is uniquely determined, if (3.11), (3.12),
(3.17) and (4.9) hold.

Along the Hugoniot curve in the vicinity of the origin, the deviation of s from
the value s, is of the third order in * (cf. (3.35)):

2

— ~ # 2 _ *3
§—8y R TETN Tao(p+E)0 (Zg— Gy)o€™3, (4.14)
1496
where 2 =7 —:_’):77]8 1 (4.15)

Taking account of (3.37) and of ¥ > 1 it may be concluded from (4.15) that
Gy < 1. (4.16)

Hence, in the case of extremely weak shock waves the agsumption (4.9) may be
replaced by the weaker condition
Z20 2 Gzo, (4.17)

+ Note that, if the gas follows the perfect gas law, the left-hand side of (4.9) is given by

F)
L LSS L
14,8 147740

Hence (4.9) is satisfied well in this case.
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which corresponds to (3.38). As in the case of frozen shock waves, the difference
between (3.19) and (3.38), so here that between (4.9) and (4.17) has no physical
meaning.

For a partly frozen shock with temperature equilibrium the condition for the
upstream velocity takes the form

ug > o (4.18)
E\ 1499
where cg = (1 +;) 1+;7176a2. (4.19)

The quantity ¢, is the velocity of sound in the mixture, in which the velocity
equilibration by viscous drag is frozen, while the temperatures of both com-
ponents are always the same.f Thus also the condition (4.18) corresponds exactly
to that known for the existence of a compressive shock in a pure gas. Since
v > 1, the quantity ¢, is smaller than the frozen velocity of sound, and hence a
partly frozen shock is possible at a lower upstream velocity %, than a frozen
shock. That is because, in the scale chosen, a continuous change of flow con-
ditions may appear as a discontinuity in this case.

To complete the discussion of this case it is pointed out that the downstream
flow conditions are characterized by inequalities corresponding to (3.43)-(3.47)
and (3.49).

5. Shock waves with velocity equilibrium

In this section it is assumed that, by choosing a suitable scale, the relaxation
process of the particle velocity has been removed from consideration. Thus both
components move with the same velocity and (2.1)—(2.4) reduce to

U U

— =0 (5.1
Y Vmo )
1= "o (5.2)
u? u3
—tp=—2 4, 5.3
o, P =5 P (5.3)
har+ 3u? = hypo+ Jug, (5.4)
where v, is the specific volume of the mixture given by
L1260 (5.5)
Yy Ve i '
and h;, is the enthalpy per unit mass of the mixture
1 7 p
by = ——hg+—"—\cpT —). 5.6
M 14, G[-i_l'*'%(cp P+PP (5.6)

These equations show that the behaviour of the mixture is analogous to that of
a single medium in which a thermodynamic relaxation process, such as the
relaxation of the temperature of vibration, takes place.

1 A derivation will be given in a paper concerning sound waves in a gas—particle flow
(Schmitt-von Schubert 1969).
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In this case a shock wave appears either as an equilibrium or a partly frozen
shock wave, depending on whether the length of the scale is also much greater
than the relaxation length of the temperature equilibration. Thus the equations
given above are completed by the relation (2.6) or (2.8) for a partly frozen or
equilibrium shock wave, respectively.

Taking into account the relation

ve = (L4+70) vy =22, (5.7)

Pp
which results from (5.2) and (5.5) by elimination of ¢, it is seen that A,; may be
written as a function of v,, and p alone, in both cases. The following definition

of an Hugoniot function is suggested by the analogy to the flow of a single
dium:
e H = 2(hyg ~hago) = (0= Po) (V31 + Vo). (5.8)

Hence, the Hugoniot curve H = 0isgivenin the (v,,, p)-plane by a single relation.

In this case, unlike that considered in the last section, one may speak of the
entropy s, per unit of mass of the mixture. This quantity is given by the weighted
mean of the entropies sy and sp,

Mo

1
ds, = ds
M G+l+%

1+,

dsp. (5.9)

After some algebra, and using (2.13) and (2.14), it may be concluded from this
equation that the following inequalities hold:

0
(-@) <0, (—ﬁ) <0, (5.10)
Wpr) sy, Tp War) sy, Tp-Tg
(@—’) >0, (@) > 0. (5.11)
a.p var: Tp a_p va, Tp=Tg
Hence, on the assumptions
2 2,
(9_21)) >0, (a—gp) > 0, (5.12)
aVJU M TP a]‘}M 8- TP=TG

the qualitative shape of the isentropes s,,(v;;, p) = const. agrees with that which
the isentropes sg(Vg, p) = const. of the pure gas have on the assumption

o%*p
(%)30 > 0. (5.13)

The last inequality holds in general for the common gases. Since v, is proportional
to vg, and since in the case of frozen particle temperature the entropy s,, is
constant if and only if s, is constant, the first assumption of (5.12) is identical
with (5.13). The second assumption of (5.12), which concerns the case of total
equilibrium, is merely analogous to (5.13).

With the use of the quantity s,, the differential of the Hugoniot function takes

the form dH = 2T, dsy; +pop*R dQ, (5.14)

where R = vy, (5.15)
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_dp* dvyy
dQ—F—E, (5.16)
£ Vur
vy =—-—1 (5.17)
Yyro

The curves () = const. are straight lines through the origin of the (v},, p*)-plane.

Thus the close analogy to a pure gas, studied by Cowan (1958), is demonstrated.
Hence one may continue the examination in the same way as Cowan did. The
result corresponds to that concerning the pure gas: if and only if the upstream
velocity u, exceeds the velocity of sound, i.e. if

ug > ¢3, respectively, wu2 > cZ, (5.18)
(1+E)? (1+E)2 1+96
2 = 2 2= 2
where o= e a?, ¢ 17 1 +’}’773a T (5.19)

there exists a uniquely determined partly frozen, respectively equilibrium, com-
pressive shock wave. The upstream values of the flow variables v,,, p and u are
related to their downstream values by inequalities corresponding to (3.44)-
(3.46), and thus also corresponding to those which are valid for the pure gas.
Comparison of ¢, and ¢ with b and ¢, in view of p > 2 leads to the inequalities

2
02

Hence, an equilibrium shock may exist at the lowest upstream velocity. Partly
frozen shocks require a higher value of u,, but this value still lies below that
needed for frozen shocks.

These facts are to be understood in the following way. A change of the flow
conditions is possible if the upstream velocity exceeds the equilibrium velocity
of sound ¢,. This change of state is a continuous one (i.e. a fully dispersed wave)
if the upstream velocity is smaller than the frozen velocity of sound b,, while it
consists of a discontinuity followed by a region of continuous change of the
flow parameters (i.e. a partly dispersed wave) if the upstream velocity is larger
than the frozen velocity of sound. By suitable choice of the scale in each case,
the whole change of the flow conditions may appear as an equilibrium shock, or,
in those cases where the upstream velocity exceeds one of the partly frozen
velocities of sound ¢,y and ¢, as a partly frozen shock followed by a region of
continuous change of state.

Attention should be paid to the fact that this qualitative behaviour of the
mixtureis analogous to that of a pure gas in which two thermodynamic relaxation
processes are possible. But it must be emphasized that this analogy could not
have been anticipated; for, if the constituents of the mixture do not move
with the same velocity, there is an essential difference between the equations
characterizing the flow of the mixture and those characterizing the flow of
such a gas.

t The equation for the partly frozen velocity of sound ¢, was given by Kraiko &
Sternin (1965), the equation for the equilibrium velocity of sound ¢ was given by
Rudinger (1965).
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Appendix A
In order to get a qualitative discussion of the function vg(e), (3.3) is differ-
entiated:

dl—) 1 62 62
d%g _ 3p,€; 1.1
Tzé?‘—(1~eo)2{_e_3 E}' (A2)

Hence the following table may be realized:

€ Va ddL: %
— @ Asymptotically ~ f,e 5o -0
+0 4+ Fo +0
€ 1 __50+P0(1 —€p) 3p,
€o(1—€y) 63(1 — &)
! ~i / "_(12 ’i“ff)z (?4—/)232’2
1 0 3, 0
>1 <0
+o0 Asymptotically ~ Bye Bo +0
Here Vg = E,
Vo
2
% = Po—7 &’
Bo= (1_1760)2 {Po(F —€0) — (1 =€)}

The functions o, = 0 and §, = 0 are shown in figure 9. It may be seen that, on
the assumptions (3.11) and (3.12), the following inequalities are valid:

ag >0, f,=0.

Since vg{€) does not vanish at more than three real values of ¢, this function
has the qualitative shape shown in figure 10. By consideration of the physical
meaning of ¢ and v, it is concluded that only the domain bounded by ¢ = 0 and
€ = ¢, with ¢, &= 1 and v4(e,) = 0 has physical relevance. Thus in this paper ‘the
function vg(€)’ always stands for that part of this function. From this restriction
it follows that both vg(€) and e(vg) are single-valued functions, and that

%’ <0, (A3)

d?vg
76—2— > 0. (A 4)
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Ficure 9. The curves oy = 0 (——) and fy = 0 (—-—).

Figore 10. Qualitative shape of the function vg(€) for
Bo 3 2polen/(1—€g)}?: -,

Appendix B
In order to give an estimation of the function f(e¢) defined by (3.16), it is first
noted that Vol dgldet) 3
— ] G G —_
O = e elde — 3" B1

Hence the following definition of a function g(e) is suggested:

g(e) = ; (1—2—6‘& (dv") {fle)— %

Vo
(B2)
L2l B 3 ()
3 v, Cdet 2\de) |

This function may be rearranged in the following way:

g(e) = €lgi(e) +gae)}s (B3)
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where g1(e) = a3+ ay €5,
— —ay(1— 36) e~ poeb(1— 13e) — 2ped,
— 5paci{palh — co)— (1— o)l
oy = —{polh—e0)— (1-6n)}%
ag = 2po€§{po(} —€o) — (1 =€)}
The assumptions (3.11) and (3.12) lead to

~

gale

oy

o, <0, a;>0.
Using these inequalities and the assumption (3.17) one may verify that

g91(€) < 0, gy(e) < 0;

hence gle) < 0. (B4)
The relations (B 2) and (B 4) lead to the conclusion that
fle) < % (B5)
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